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Amorphous solids are ubiquitous among natural and man-made materials. Often used as struc-
tural materials for their attractive mechanical properties, their utility depends critically on their
response to applied stresses. Processes underlying such mechanical response, and in particular
the yielding behaviour of amorphous solids, are not satisfactorily understood. Although studied
extensively[1–14], observed yielding behaviour can be gradual and depend significantly on condi-
tions of study, making it difficult to convincingly validate existing theoretical descriptions of a sharp
yielding transition[4, 6, 8, 13, 15]. Here, we employ oscillatory deformation as a reliable probe of
the yielding transition. Through extensive computer simulations for a wide range of system sizes,
we demonstrate that cyclically deformed model glasses exhibit a sharply defined yielding transi-
tion with characteristics that are independent of preparation history. In contrast to prevailing
expectations[4, 8, 12], the statistics of avalanches reveals no signature of the impending transition,
but exhibit dramatic, qualitative, changes in character across the transition.
The mechanical response to applied stresses or defor-
mation is a basic material characteristic of solids, both
crystalline and amorphous. Whereas the response to
small perturbations are described by elastic moduli, the
plastic, irreversible, response to large deformation is often
more important to characterise, as it determines many
material parameters such as strength and ductility, and
is also of relevance to thermomechanical processing of
metallic glasses [16]. Amorphous solids lack the transla-
tional symmetry of crystals, and thus no obvious analogs
to dislocation defects in terms of which plasticity in crys-
tals has been sought to be understood. Based on work
over the last decades, it is appreciated that plasticity
arises in amorphous solids through spatially localized
reorganisations [1, 2, 17], termed shear transformation
zones, and that such localized zones interact with each
other through long ranged elastic strains they induce
[18]. While many details of the nature of these local-
ized regions of non-affine displacements remain to be
worked out, they form the basis of analyses and mod-
els of elasto-plasticity and yielding [6, 13, 18–20]. Many
analyses have employed computer simulations of atom-
istic models of glasses, aiming to elucidate key features
of plastic response [1–3] on atomic scales. While several
studies have been conducted at finite shear rates (e.g.
[11, 13]), many studies have focussed on behaviour in
the athermal, quasi-static (AQS) [3, 5, 6, 14, 21] limit,
wherein the model glasses studied remain in zero temper-
ature, local energy minimum, configurations as they are
sheared quasi-statically. Such deformation induces dis-
continuous drops in energy and stress with correspond-
ing nonaffine displacements that are highly spatially cor-
related, and exhibit power law distributions in size. In
analogy with similar avalanches that arise in diverse con-
text of intermittent response in disordered systems, from
earthquakes, crackling noise in magnetic systems, depin-
ning of interfaces in a disorded medium etc. [22], a the-
oretical description of yielding in amorphous solids [4],
predicts the mean avalanche size to diverge as the yield-
ing transition is approached from below, leading to a
power law distribution with a diverging mean size at and
above the transition. Indeed, it has been observed that
(e. g. [5, 13, 21]) system spanning avalanches are present
in the steady state beyond yield, whose sizes scale with
system size. The character of avalanches upon approach-
ing the yielding transition, however, has not received
much attention, as also the differences between pre- and
post-yield avalanches. Among the reasons is the sample
to sample variability of behaviour below yield, in con-
trast with the universal behaviour seen in the post-yield
regime. Here, we show that oscillatory deformation of-
fers a robust approach to systematically probe behaviour
above and below yielding. Oscillatory deformation is a
widely used experimental technique as well as a common
protocol in materials testing. However, barring some re-
cent work [12, 23–25], it is not been employed widely to
probe yielding in amorphous solids computationally. In
the present work, we perform an extensive computational
study of plastic response in a model glass former, over a
wide range of system sizes, and amplitudes of deforma-
tion that straddle the yielding strain.
We study the Kob-Andersen 80:20 binary mixture
Lennard-Jones glasses for a range of system sizes (see
Methods for details). The glasses studied are prepared
by performing a local energy minimization of equilibrated
liquid configurations, at a reduced temperatures T = 1
and T = 0.466. The inherent structures so obtained
represent poorly annealed (T = 1) and well annealed
(T = 0.466) glasses. These glasses, referred to by the cor-
responding liquid temperature in what follows, are sub-
jected to volume preserving shear deformation through
the AQS protocol. The strain is incremented in the same
direction in the case of uniform strain, whereas for os-
cillatory strain for a given maximum amplitude γmax, a
cycle of strain 0 → γmax → 0 → −γmax → 0 is ap-
plied repeatedly over many cycles, till a steady state is
reached. Results presented below, except Figure 1 (d)
are from analysing steady state configurations. Further
details concerning the simulations and analysis are pre-
sented in Methods and Supporting Information.
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2Stress and Energy across the Yielding Transition.- Pre-
vious work [23] has shown that as the amplitude of strain
γmax approaches a critical value γy from either side, the
approach to the steady state becomes increasingly slug-
gish, with an apparent divergence at γy (see Supporting
Information). We identify γy (∼ 0.07) as the yield strain,
as justified below. In Figure 1(a) we show the averaged
stress-strain curves for N = 4000. For each γmax, we
obtain a maximum stress σmax reached at γ = γmax,
which are plotted in Figure 1(b) for T = 1, 0.466, for
N = 4000, 32000. Figure 1(b) also shows the stress-strain
curves for the same cases obtained with uniform strain.
Whereas stresses vary smoothly for uniform strain, with
no sharp signature of the onset of yielding, and differ
significantly for T = 1 and T = 0.466, they display a
sharp, discontinuous, drop above γmax = 0.07 (0.08 for
N = 4000) for oscillatory strain. Interestingly, below γy,
the maximum stress increases as a result of oscillatory
deformation, indicative of hardening, consistently with
previous results [26]. Above γy, repeated oscillatory de-
formation leads to a stress drop relative to values just
below γy, indicating yielding. Figure 1 (c) displays the
potential energies obtained over a full cycle in the steady
state (see Supporting Information for evolution with cy-
cles of strain). For γmax < γy, the energies display a
single minimum close to γ = 0, but above, bifurcate into
two minima, indicating the emergence of plasticity. The
stress-strain curves show a corresponding emergence of
loops (Figure 1(a)) with finite area. Strain values at the
minima for energy, γUmin and σxz = 0, γσ0 , are shown
in Figure 1(d) as a function of the number of cycles for
different γmax. We note that γmax = 0.08 displays inter-
esting non-monotonic behaviour, with an initial decrease
in these strain values, similar to smaller γmax, but an
eventual increase to larger strains, similar to the case
γmax = 0.12, in the yielded regime. Figure 1(e) shows
γUmin and γσ0 vs. γmax, which show an apparently con-
tinuous departure from nearly zero, signalling a transi-
tion at γmax ∼ 0.07. Figure 1(f) shows that the minimum
energies in the steady state vs. γmax decrease with in-
creasing γmax below γy, but increase above, reaching the
same values for T = 1 and T = 0.466. These data demon-
strate the presence of a sharp transition between a low
strain regime where oscillatory shear produces better an-
nealed, hardened, glasses to a yielded regime displaying
stress relaxation and rejuvenation.
We next study (i) distribution of avalanche sizes, which
we compute as the size of clusters of particles that un-
dergo plastic rearrangements (see Methods for how they
are identified), and (ii) distributions of the size of energy
drops.
Distributions of Cluster Sizes.- In Figure 2 (a) we show
the distributions P (s) of avalanche sizes s for N = 2000,
which display a characteristic power law decay with a
cutoff. Although the cutoffs move to larger values as
γmax increases, we see no indication of a transition. To
assess the role of system sizes, we compute the avalanche
sizes for a variety of system sizes. Figure 2(b) shows the
avalanche size distribution for N = 64000. The distribu-
tions fall into two clear sets, corresponding to γmax above
and below γy. We compute and display in Figure 2 (c)
the mean avalanche size < s > as a function of γmax, for
all studied system sizes. The striking observation is that
below γy, < s > displays no system size dependence, and
only a very mild dependence on γmax, and no indication
of the approach to γy. Above γy, a clear system size de-
pendence is seen. Figure 2 (d) shows the same data vs.
system size, revealing a roughly N1/3 (or < s >∼ L) de-
pendence above γy, and minimal N dependence below.
The N1/3 dependence is consistent with previous results
[5, 27] for mean energy drops, but the absence of system
size dependence below, to our knowledge, has not been
demonstrated before. We next ask whether the mean
size of avalanches, for a given γmax depend on the strain
γ at which they appear, and conversely, for a given γ
what the dependence on γmax is. As shown in Figure
2 (e) (N = 32000, T = 1), for a given γmax the γ de-
pendence is weak and is the same for γmax < γy (and
γmax > γy), but the data fall into distinct groups for
γmax < γy and γmax > γy. The same pattern is seen for
the full distributions (see Supporting Information). For a
given γmax, the avalanche distributions can be collapsed
on to a master curve by scaling s by < s > (data not
shown). The distributions of scaled sizes s˜ ≡ s/ < s >,
averaged over system size are shown in the inset of Fig-
ure 2 (f). The same data are shown, multiplied by s˜ 3/2
in the main panel, and demonstrate that the character
of the distributions are different above and below yield:
whereas above γy one finds a range of sizes over which the
power law form P (s) ∼ s−3/2 is clearly valid (and thus
the cutoff arises purely because of system size), below γy
this is not the case, and the qualitative shape of the dis-
tributions is different (with a cutoff function multiplying
the power law) [4, 8, 12, 28].
Distributions of Energy Drops.- We now discuss the
distributions of energy drops. Shown for N = 4000 and
32000 in Figures 3(a), and 3(b), these distributions show
the same features as the avalanche sizes, but with a differ-
ent power law exponent of ∼ 1.25 (as found in [13]. Thus,
the exponent depends on the quantity employed, and the
avalanche size based on particle displacements is in closer
agreement with mean field predictions). In Figure 3(c),
we show the γmax dependence of the mean energy drop,
for different system sizes, which reveal the same pattern
as the avalanche sizes, albeit with a stronger apparent
size dependence below yield. However, the total energy
drops for the whole system include also an elastic compo-
nent, in addition to the plastic component. The compo-
nent of the energy drop corresponding to the plastic re-
gions alone, which are plotted in Figure 3 (d), to demon-
strate that the plastic component has no system size de-
pendence below yield. Figure 3 (e) shows the system
size dependence of the mean energy drop (plastic com-
ponent), and Figure 3 (f) shows the mean energy drop
vs. γ for different γmax (N = 64000, T = 1), revealing the
same separation below and above yield as the avalanche
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FIG. 1. Stress and energy across the yielding transition: (a) Stress-strain plots of the two differently annealed glasses for
various strain amplitudes in the steady states of oscillatory shear deformation. Maximum stress in the cycle for each amplitude
is marked by filled and open circles for T = 0.466 and T = 1 respectively. (b) Averaged stress-strain curves for uniform strain
(US) are shown as lines - thick (black) for N=4000 and thin (magenta) for N = 32000 while solid and dashed lines represent
T=0.466 and T=1 respectively. Maximum stress σmax vs. γmax are shown for cyclic strain (CS) (circle and square denote N =
4000 and 32000 respectively, with filled and open symbols corresponding to glasses from T = 0.466 and T = 1). The vertical line
at γmax = 0.08 indicates the sharp yielding transition seen. (c) Energy vs. strain in the steady states, displaying a bifurcation
in the strain corresponding to minima in energy at the yielding transition between γmax = 0.07 and 0.08. (d) Strain values
corresponding to energy minima ( γUmin) and and zero stress (γσ0) are shown as open and filled symbols respectively, vs. the
number of cycles for different γmax. For γmax = 0.08 an initial relaxation towards zero is reversed as the system evolves to a
yielded steady state with finite γUmin and γσ0 . (e) γUmin and γσ0 as functions of strain amplitude γmax, displaying a transition
beyond γmax = 0.07. (f) Asymptotic energy per particle at γ = 0 vs. strain amplitude γmax. Energies decrease with γmax till
the yield strain is reached, after which they increase with γmax.
sizes. This is in contrast with the case of uniform shear,
wherein both energy drops and avalanche sizes show a
gradual, and strongly sample dependent, variation with
strain (see Supporting Information).
Percolation.- Finally, we analyse the spatial structure
of the avalanches briefly, by studying (i) the percolation,
and (ii) fractal dimension, of the avalanches. Below γy,
none of the avalanches percolate, whereas above, a finite
fraction does so. Figure 4(a) shows the weight of the
spanning cluster P∞, and percolation probability PP av-
eraged over bins in “probability” P , obtained from the
fraction of displaced particles, (see Methods) for differ-
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FIG. 2. Statistics of avalanches as a function of strain amplitude γmax and system size N : (a) Cluster size distributions for
N = 2000 displaying a power law with a cutoff that grows with γmax but does not indicate sharp changes at yielding. (b)
Cluster size distribution for N = 64000 displaying a sharp increase in the cutoff size across the yielding transition. The line
in both panels corresponds to a power law with exponent −3/2. (c) Mean cluster size vs. γmax showing a qualitative change
across the yielding transition, with strong system size dependence above γy. The inset shows the mean cluster size scaled with
N1/3, which describes well the size dependence above γy. (d) Mean cluster size vs. system size N shows no significant size
dependence for γmax < γy but a clear N
1/3 dependence above. A crossover in behaviour is seen for γmax = 0.08. Lines, with
N0 (constant) and N1/3 dependence, are guides to the eye. (e) Mean cluster sizes for bins in strain γ for different γmax for
N = 32000. Mean cluster size does not depend on γmax, and depends only mildly on strain γ, for two distinct sets, below and
above yield strain γy. (f) Scaled cluster size (s˜ = s/ < s >) distributions exhibit data collapse separately for γmax < γy and
γmax > γy (inset). Distributions for γmax < γy do not display a power law regime, whereas γmax > γy do, over about two
decades in s˜, as highlighted in a plot of P (s˜)s˜ 3/2 vs. s˜. Data shown are for T = 1, and averages are over the full cycle, except
for (e) which are averaged over the first quadrant.
ent system sizes for γmax = 0.08, indicating a perco-
lation transition at P ' 0.05. However, the threshold
is system size dependent, and thus merits further inves-
tigation. In Fig 4 (b), P∞ and PP averaged over all
considered events are shown as a function of γmax. The
percolation probability does not become 1, a result of
considering all the drop events. To address this artefact
we analyse the cumulative set of all particles displaced
in any of the events. The P∞ and PP values shown in
Figure 4 (c) indicate that above γy, this cumulative set
always percolates and the weight P∞ is comparable for
different system sizes. However, P∞ at the smallest γmax
above γy appears to increase with system size, suggest-
ing a discontinuous change across γy. The variation of
P with γmax in either method also shows an apparently
discontinuous behaviour across γy (see Supporting Infor-
mation).
Fractal Dimension.- We compute the fractal dimen-
sion of the spanning clusters using the box counting
method (see Methods). Figure 4 (d) shows a log-log plot
of the occupied boxes vs. magnification r (the largest
r corresponds to the smallest box size, of 1.1σAA) for
γmax = 0.08, N = 32000. We find a fractal dimension
of df = 2.05, close to 2, which appears consistent with
the possibility that yield events are quasi-two dimen-
sional. However, based on the system size dependence
of the mean cluster size, the fractal dimension deduced
is df ∼ 1 [13], which is at odds with the result here,
and requires further investigation for it to be properly
understood.
The results that we have discussed demonstrate that
a sharp yielding transition is revealed through oscilla-
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FIG. 3. Statistics of energy drops as a function of strain amplitude γmax and system size N : Distributions of energy drops (a)
for N = 4000 show no clear separation of γmax < γy and γmax > γy whereas (b) for N = 32000 a clear separation is visible. In
both cases, a power law regime is apparent, with exponent ∼ 1.25. (c) Mean energy drops vs. γmax, indicating a sharp change
at γy. (d) Mean energy drops considering only plastic regions show no system size dependence below γy. (e) Mean energy
drop (plastic component) vs. system size N shows no significant size dependence for γmax > γy but a clear N
1/3 dependence
above. A crossover in behaviour is seen for γmax = 0.08. Lines, with N
0 (constant) and N1/3 dependence, are guides to the
eye. (f) Mean energy drops (total) for bins in strain γ for different γmax for N = 32000, T = 1 showing no dependence on
γmax, and only a mild dependence on strain γ, for two distinct sets, below and above yield strain γy. Data shown are for T = 1,
and averages are over the first quadrant.
tory deformation of model glasses. The character of the
avalanches is qualitatively different across the transition,
being localised below the transition, and becoming ex-
tended above. Contrary to theoretical expectations for
uniform deformation, the mean size of the avalanches
does not diverge upon approaching the yielding tran-
sition, and prompts theoretical investigation, including
development of suitable elasto-plastic models, of yielding
under oscillatory deformation[29]. A signature of yielding
is instead revealed by the progressive sluggishness of an-
nealing behaviour as the transition is approached. Both
the avalanche statistics and percolation characteristics
suggest a discontinuous yielding transition, which may
be consistent with the suggestion that yielding is a first
order transition [14]. Finally, our results reveal system-
atic, non-trivial annealing behaviour of the glasses near
the yielding transition, which we believe are of relevance
to thermomechanical processing of metallic glasses. In
particular, processing near the yielding transition, both
above and below, may lead to significant change of prop-
erties, which may be utilised according to specific design
goals.
Methods.- The model system we study is the Kob-
Andersen binary (80:20) mixtures of Lennard Jones par-
ticles. The interaction potential is truncated at a cutoff
distance of rcαβ = 2.5σαβ such that both the potential
and the force smoothly go to zero as given by
Vαβ(r) = 4αβ
[(σαβ
r
)12
−
(σαβ
r
)6]
+4αβ
[
c0αβ + c2αβ
(
r
σαβ
)2]
, rαβ < rcαβ(1)
where α, β ∈ {A,B} and the parameters AB/AA = 1.5,
BB/AA = 0.5, σAB/σAA = 0.80, σBB/σAA = 0.88.
Energy and length are in the units of AA and σAA re-
spectively, and likewise, reduced units are used for other
quantities. The correction terms c0αβ , c2αβ are evaluated
with the conditions that the potential and its derivative
at rcαβ must vanish at the cutoff.
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FIG. 4. Percolation of avalanches and fractal dimension of percolating clusters: (a) Percolation probability and weight of the
spanning cluster P∞ shown as open and filled symbols respectively against the occupation number P for different system sizes,
considering all events, for γmax = 0.08. A percolation transition takes place for P ' 0.05 although the threshold is system size
dependent. (b) Percolation probability (inset) and P∞ averaged over all events, vs. γmax. (c) Percolation probability and P∞
for the cumulative set of particles rearranging over a cycle, shown as open and filled symbols respectively vs. γmax, indicating a
percolation transition at the yielding strain γy. P∞ just above the transition increases with system size. (d) Fractal dimension
estimation from box counting. A log-log plot of the number of occupied boxes (Nbox) is shown vs. the magnification r. The
slope results in an estimated fractal dimension df = 2.05. Data shown are for T = 1, and averages are over the first quadrant.
The initial liquid samples are equilibrated at two tem-
peratures, T = 0.466 and T = 1 using the Nose´ Hoover
thermostat, at reduced density ρ = 1.2. Independent
samples are generated for each temperature and system
size by further evolving the equilibrated liquid configura-
tions by performing the molecular dynamics simulations
of constant energy, which are separated by the structural
relaxation time (τα) obtained from the self intermedi-
ate scattering function (Fs(k, t)). For the uniform shear-
ing data, we have atleast 100 samples for all the system
sizes. The avalanche data shown for cyclic shearing are
for at least 20 samples for N ≤ 32000, and 10 samples for
larger systems. All the simulations are carried out using
LAMMPS [30].
Shear deformation of the model amorphous solids is
done employing athermal-quasi static (AQS) simulations
which consist of two steps. An affine transformation
of coordinates x′ = x + dγ × z; y′ = y; z′ = z
is imposed, subsequently followed by an energy mini-
mization using the conjugate-gradient method with Lees-
Edwards periodic boundary conditions. Strain steps of
dγ = 2 × 10−4 are used throughout, except for N =
256000 for which dγ = 5 × 10−4. Initial configura-
tions are the inherent structures (local energy minima)
of equilibrated liquid samples. Potential energy and
mean square displacements are computed at γ = 0 as
functions of cycles to ascertain that steady states are
reached, wherein the coordinates of particles, and prop-
erties such as the potential energy U and shear stress
σxz remain (below yield strain) unchanged at the end
of each cycle, or (above yield strain) become statis-
tically unchanged upon straining further, and exhibit
diffusive motion as a function of the number of cy-
cles. Steady states for strain amplitudes of γmax =
0.02, 0.04, 0.06, 0.07, 0.08 0.09, 0.12, 0.14 are studied
for system sizes N = 2000, 4000, 8000, 16000, 32000 and
64000. To further probe finite size effects, we have con-
sider amplitude below the yield transition at γmax = 0.04
for N = 128000 and 256000, and γmax = 0.14 for
N = 128000.
In the steady state, we compute the potential energy
per particle and stress for each strain step. Plastic events
result in discontinuous energy and stress drops. A pa-
rameter κ = δUNdγ2 [27] exceeding a value of 100 is used
to identify plastic events, where δU is the change in en-
ergy during minimisation after a strain step. Avalanche
sizes based on the magnitude of energy drops and the
cluster sizes of “active” particles (that undergo plastic
displacements) are both computed. Particles are consid-
ered active if they are displaced by more than 0.1σAA.
The choice of this cutoff is based on considering the dis-
tribution of single particle displacements δr, which are
expected to vary as a power law P (δr) ∼ δr−5/2 for elas-
tic displacements around a plastic core, but display an
exponential tail corresponding to plastic rearrangements
(see, e. g., [23]). The separation is clear cut only for
small γmax, and we choose the smallest cutoff value (ob-
served for γmax = 0.02) so that plastic rearrangements at
all γmax are considered. In performing cluster analysis,
two active particles are considered to belong to the same
cluster if they are separated by less than 1.4σAA (first
coordination shell). The normalised histogram of cluster
sizes P (s) is obtained from statistics for all the events.
The mean cluster size is computed from the distributions
as < s >=
∑
s s
2P (s)∑
s sP (s)
(see Supporting Information).
For the percolation analysis, we consider all the plas-
tic events in the first quadrant of the cycle (γ from 0 to
γmax), and compute the “probability” P from the frac-
tion of particles that undergo plastic displacement, and
the weight of the spanning cluster P∞, from the fraction
of particles that belong to the spanning cluster (P∞ = 0
if there is no spanning cluster). The percolation prob-
ability PP = 1 if a spanning cluster is present and 0
otherwise.
To obtain the fractal dimension of percolating clusters,
we employ the method of box counting. The simulation
7volume is divided into boxes of a specified mesh size, and
the number of boxes that contain a part of the cluster,
Nbox, is counted. This is repeated for a series of mesh
sizes, and the fractal dimension is obtained as the slope
df =
log(Nbox)
log r where r is the inverse of mesh size.
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Here we provide additional information regarding the
following aspects of analysis of model glasses subjected
to oscillatory deformation: (i) Number of cycles required
to reach the steady state, (ii) Evolution of energy with
cycles, (iii) Identification of particles undergoing plastic
displacements, (iv) Avalanche distributions at different
strain for different strain amplitudes (v) Energy drops
and avalanche sizes for uniform shear, and (vi) Probabil-
ity of plastic displacement as a function of strain ampli-
tude.
I. NUMBER OF CYCLES REQUIRED TO
REACH THE STEADY STATE
We analyse the potential energy U(γ = 0) vs. the
number of cycles n to probe the approach to the steady
state, and denote by n∗ the indicative number of cycles
needed to reach the steady state, and is obtained as a
decay constant by fitting the cycle dependence of energies
to the form U(n) = U∞ + ∆U0 exp
[−(n/n∗)β]. These
fits are shown in Fig. S1 (a), (b) for γmax < γy (for
the T = 1 cases) and γmax > γy (for both T = 1 and
T = 0.466) respectively. Fig. S1(c) shows that n∗ grows
strongly on approaching the yield value of γmax between
0.07 and 0.08. The fit lines are guides to the eye.
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FIG. S1. Energy vs. cycle for different strain amplitudes (a)
below and (b) above the transition. (c) The decay constant
n∗ to reach the steady state.
9II. EVOLUTION OF ENERGY WITH CYCLES
We present here the potential energy at each strain
step over the cycles of deformation for γmax = 0.06 and
0.12 in Fig. S2. The strain at U = Umin and σxz = 0 are
represented by γUmin and γσ0 . To test if the location of
the energy minima coincide with the strain at zero stress,
i. e. if γUmin = γσ0 , we plot the energy and the stress
loops in Fig. S3 for γmax = 0.14 of N = 64000 (T=1).
Though their values are close, we find γUmin 6= γσ0 (for
γmax > γy).
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FIG. S2. Energy vs. strain over cycles starting with the
undeformed glass, showing (for γmax = 0.06) the approach to
a single minimum at γ = 0, and bifurcation into two minima
(for γmax = 0.12) at finite strain.
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FIG. S3. Stress vs. strain (red lines) and energy vs. strain
(blue lines) are shown, along with with dotted lines as guides
to the eye, to locate σxz = 0. Data shown are (a) averaged
over 10 cycles and (b) for a single cycle, in the steady state.
III. IDENTIFICATION OF PARTICLES
UNDERGOING PLASTIC DISPLACEMENTS
Here we describe how particles that are labeled “ac-
tive”, that undergo plastic deformation during an energy
drop, are identified, based on previous work [see, e. g. D.
Fiocco, G. Foffi and S. Sastry, Phys. Rev. Lett. 025702
(2014); T. B. Schroder, S. Sastry, J. C. Dyre, and S. C.
Glotzer, J. Chem. Phys. 112, 9834 (2000)]. In the pres-
ence of a plastic rearrangement, it is found that the distri-
bution of single particle displacements p(δr) displays an
exponential tail, corresponding to plastic displacements,
and a power law distribution at smaller values with an
exponent of −5/2 which may be deduced from assuming
that the rest of the system undergoes an elastic deforma-
tion owing to the stresses created by the plastic deforma-
tion. As seen in Fig. S4, such an expectation is clearly
satisfied at low strain amplitudes γmax, but (a) the lo-
cation of the crossover depends on the strain amplitude,
and (b) the distinction becomes less clear at large strain
amplitudes. We wish to include all particles that take
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part in plastic deformation, but to exclude those under-
going elastic displacements. As a conservative choice of
cutoff, we use the cutoff that is clear and applicable for
the case of γmax = 0.02, namely δr = 0.1.
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FIG. S4. Distributions of the particle displacements at the
plastic events shown in semi-log and log-log scales for various
strain amplitudes.
IV. AVALANCHE DISTRIBUTIONS AT
DIFFERENT STRAIN FOR DIFFERENT STRAIN
AMPLITUDES
We show here the distribution of avalanche sizes that
result when specific bins in the strain γ are considered,
for different amplitudes γmax, with results averaged over
the first quadrant of cycles of strain. Fig. S5 shows the
distribution of avalanche sizes in the strain window of
(a) 0 to 0.02, and (b) 0.04 to 0.06, for different values
of γmax for which we sample the strain window in the
course of a full cycle. We note that in both bases, the
distributions fall into two categories, one with γ < γy and
the other with γ > γy. In each category, the distributions
are largely independent of the value of γmax, but the
distributions for the two categories are distinct.
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FIG. S5. Distributions of avalanche sizes within specified win-
dows of strain [(left panel) 0 to 0.02, and (right panel) 0.04
to 0.06] for different strain amplitudes.
V. ENERGY DROPS AND AVALANCHE SIZES
FOR UNIFORM SHEAR
In Fig. S6 we present the mean energy drop for uniform
strain, for T = 1 and T = 0.466, for a range of system
sizes for a range of system sizes. We see that the mean
energy drops for the two temperatures are significantly
different, but in each case show similar trends in their
system size dependence. In Fig. S7, we compare, for
N = 4000, the mean size of avalanches and the mean
energy drop, for T = 1 and T = 0.466. The behaviour
for the two cases is very different at strains below the
yield strain, thus making it difficult to provide a general
characterisation of the avalanches below the yield strain
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identified by oscillatory deformation. Further, we note
that for T = 1, the energy drops and avalanche sizes
below the yield strain remain high and comparable to
values above yield strain. Fig. S8 shows the distributions
of energy drops for two strain intervals (one below, {0,
0.02}, and one above, {0.2, 0.5}, the yield strian). For
T = 1, the two distributions do not differ, whereas for
T = 0.466, they are widely separated. The avalanche size
distributions shown in Fig. S9 show the same pattern.
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FIG. S6. Mean energy drops vs. strain for various system
sizes for uniform strain.
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FIG. S7. Mean avalanche size and mean energy drops vs.
strain for T = 1 and T = 0.466, N = 4000.
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FIG. S8. Distributions of energy drops for two windows of
strain, below and above the yielding transition, shown for
T = 1 and T = 0.466.
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FIG. S9. Distributions of avalanche sizes for two windows
of strain, below and above the yielding transition, shown for
T = 1 and T = 0.466.
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VI. PROBABILITY OF PLASTIC
DISPLACEMENT AS A FUNCTION OF STRAIN
AMPLITUDE
We show in Fig. S10 the average fraction of active
particles, or probability P , (ratio of the number of active
particles and the total number of particles) for differ-
ent system sizes, as a function of strain amplitude γmax.
The averages are performed over the first quadrant of the
strain cycles. In Fig. S10(a) the probability P is for indi-
vidual drop events, averaged over all events, whereas in
Fig. S10 (b) P is obtained for each cycle by accumulat-
ing all particles that are active in any of the drop events
that occur, and the averaging is done over all cycles. In
both cases, P changes sharply across the yield strain, but
with different system size dependence.
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FIG. S10. Fraction of active particles P vs. strain amplitude
γmax, for different system sizes, (a) for individual drop events,
and (b) accumulated over the first quadrant of cycles of strain.
